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Abstract. Given integers s and t, define a function <f>s,t on tlie space of 
all formal complex series expansions by <j)s,t{'^ o,nX") = J^Osn+ta;". We 
define an integer r to be distinguished with respect to (s, t) if r and s are 
relatively prime and and r \ • ■ 5°rdr(s)-i^ 'j'j^g vector space consisting 

of all rational functions whose Taylor expansions at zero are fixed by (f>s,t 
was previously classified by constructing a basis that is partially indexed by 
integers that are distinguished with respect to the pair (s, 4). In this paper, 
we study the properties of the set of distinguished integers with respect to 
{s,t). In particular, we demonstrate that the set of distinguished integers 
with respect to (s,t) can be written as a union of infinitely many arithmetic 
progressions. In addition, we construct another generating set for the collection 
of rational functions that are fixed hy <pB,t and discuss the relationship between 
this generating set and the basis that was generated previously. 



1. Introduction 

Consider the space 6 of all formal series with complex coefficients of the form 



n— — oo 



Let U\ denote the space of rational functions with complex coefficients. The Taylor 
expansion at x = of € 91 can be written as a Laurent series, i.e., 

(f.l) R{x) = 

n^ — oo 

where n ^ — oo denotes the fact that the coefficients vanish for large negative n. 
For s, t G Z, define the map (ps^t : 6 ^ 6 by 

(1.2) 0s,t(^ a„a;") = ^ asn+tx"'- 

When s is positive, consider the restriction (j>s,t : — > 9^. The fixed points of 
(j)s.t are described in [1] and [5], but these points are parameterized by sequences 
of integers that are not well understood. The purpose of this paper is shed some 
light on the situation. Before recalling the results of [5] , we need a few preliminary 
definitions. 

Definition 1.1. An integer r > 2 is called distinguished with respect to the pair 
(s,t) if r and s are relatively prime and and 

r I /35,t(ordr(s)) 
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where 

and ordr(s) represents the smallest positive integer such that s°rd^(s) ^ ^ mod r. 
We denote the set of integers distinguished with respect to (s, t) by fJ(s, t). 

The description of all the fixed points of 4's.t requires the notion of cyclotomic 
cosets: given n, r G N with r > 1 such that r and s are relatively prime, 

(1.3) Cs,r,n = {s''n mod r : i E Z} 

is a finite set called the s-cyclotomic cosct of n mod r. Define Ag.r to be a complete 
collection of coset representatives (all chosen to be less than r); i.e., for all n g N, 
there exists a unique n' € As.r such that Cs,r.n = Cs.r,n'- For r,n> 1, define 

(1.4) VM..,n(-)= E ^i^Ur^)= E f-^' 

where Ug = e^'^*/'* and (p^^l represents the j-th iterate of the function cjis^f When 
n = 0, the function ips,t,r,n is defined to be 1/(1 — x). We recall the following result 
from [5j. 

Theorem 1.2. Suppose s > 2 and 1 < t < s — 2. The function 1/(1 — x) together 
with the collection of all 4's,t,r,n where r is distinguished with respect to (s,i) and 
n G As.,, is relatively prime to r form a basis for the set of all rational functions 
that are fixed under the transformation (ps^t- 

Although this theorem provides us with a basis for the space of rational functions 
fixed by <f>s,t, it is somewhat unsatisfactory in that it does not give us a good sense 
of what it means for an integer r to be distinguished with respect to the pair 
(s,t). It was shown in [S] that the collection of integers that are distinguished 
with respect to (s,t) has infinite cardinality, but that is pretty much the limit of 
what was discussed. In this paper, we explore one of the questions posed in [5], 
namely, whether or not ri(s,<) is a union of arithmetic sequences. Wc begin by 
examining this problem in Section [2] and show, among other results that, indeed, 
ri(3, 1) is an infinite union of arithmetic sequences. In Section [3l we generalize 
the results of Section [2] to the case when working with an arbitrary pair {s,t). In 
particular, we show that r2(s,f) is a union of arithmetic sequences, and then we 
provide conditions for when multiples of a particular form of a fixed integer are 
distinguished with respect to (s,t). 

In the course of studying distinguished integers with respect to a given pair (s, f), 
another collection of rational functions that span that space of functions fixed by 
0s. t was discovered. In Section [U wc describe this spanning set and discuss its 
relationship to the collection of functions of the form ijjs,t,r,n- 

2. Distinguished with Respect to (3, 1) 

In this section, we will examine the special case of (3, l)-distinguished integers. 
We begin with this case, as it is the simplest interesting case. Moreover, the exper- 
imental data in this case suggests a number of avenues for investigation. From the 
analysis of the (3, 1) case, we can discover several interesting propositions, some of 
which we generalize in the next section. 
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The table below shows all the integers up to 204 that are distinguished (shaded) 
with respect to (3, 1). 
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Upon examining this table, it seems rather hkely that all positive integers that 
are congruent to either 1 or 5 modulo 6 must be distinguished with respect to 
(3, 1). Moreover, it appears that all positive integers congruent to 4, 10, 14, or 20 
modulo 24 must be (3, l)-distinguished. In fact, both statements are true and are 
mentioned in [5j, and below we will provide proofs. Our general methods only yield 
the case of 10 modulo 60 and 14 modulo 88 rather than modulo 24. To obtain the 
proofs for 10 and 14 modulo 24, we use quadratic reciprocity. One would hope for 
simpler proofs of these last two cases, and the interested reader is encouraged to 
look for such proofs. 

Of the remaining distinguished integers in the table above, 40 is the smallest. 
Again, the pattern seems promising. Multiply the previous modulus by four to ob- 
tain 96. Jumping to conclusions, it seems likely that all positive integers congruent 
to 40 modulo 96 must be distinguished. In fact, 40, 136, 232, 328, 424, and 520 are 
all distinguished with respect to (3,1), but 616 is not! This surprising gap leads 
to some interesting questions. In light of this example, it is not clear whether the 
collection of all integers that are distinguished with respect to (3, 1) can be written 
as a (possibly infinite) union of congruence classes, and we now turn to answer this 
question. 

We begin by establishing that odd positive integers relatively prime to 6 are 
(3, l)-distinguished. 

Lemma 2.1. Every integer congruent to 1 or 5 modulo 6 must be distinguished 
with respect to (3, 1). 

Proof. Suppose r is congruent to 1 or 5 modulo 6; that is, r is relatively prime to 
6. By definition, S^'^-^^) = i mod r, and so r | 2,°'^r-{-i) _ i ^^^^ 301x1,(3) _ i jg 

even and r is odd, and so r \ - — ^—^ — . □ 

It is a bit trickier to justify that positive integers in the equivalence classes 
modulo 24 containing 4 and 20 are distinguished with respect to (3,1). Since 
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these equivalence classes consist solely of even integers, we must employ a different 
argument. To begin, we note the following result. 

Lemma 2.2. Let r be a positive integer that is relatively prime to 3. Then r is 
distinguished with respect to (3, 1) if and only if ordr{3) = ord2r{3). 

Proof. If r is distinguished with respect to (3, 1), then r \ (3°idr(3) — i)/(3 — i)^ and 
so S^dr-Cs) = I mod 2r. Thus ordr(3) > ord2r(3), and since the reverse inequality 
always holds, ordr(3) = ord2r(3). 

Conversely, suppose ordr(3) = ord2r(3). Since 3°''d2r(3) ^ ^ mod 2r, it follows 
that 3°''^'-(3) ^ I j^Qd 2r, and so 2r | 3°"^''^^'^ - 1, in which case r | (3°'<i'-(3) - 
l)/(3-l). □ 

We note that if m and n are relatively prime, then ordm„(a) = lcm(ordm(a), ord„(a)) 
(which follows as the group of multiplicative units modulo mn is a direct product 
of the group of units modulo m and the group of units modulo n). As a result, 
by writing r = 2*fc with gcd(2,fc) = 1, we see that the validity of the equation 
ordr(3) = ord2r(3) hinges on the relationship between ord2t(3), ord2t+i(3) and 
ordfc(3). We begin our more general analysis by examining the relationship be- 
tween the first two of these quantities. 

Proposition 2.3. For £>3, ord2i{3) = 2^"^. 

Proof. We will prove that 3^ — 1 = 2*"+^ mod 2*'+'^ by induction, from which the 
result follows. It is easily verified that this holds for £ = 3, and so we assume 
3^ — 1 = 2^+^ mod 2^+'^ for a particular value of £. From this, it follows that for 
some g e N, 3^'' - 1 - 2^+^ ^ Moreover, for all £ > 1, 3^' = 1 mod 4, and so 

32' + 1 = 2 mod 4; thus 3^* + 1 = 4g' + 2 for some q' G N. Thus, 3^'^' - 1 = (3^' + 
1)(32' - 1) = (4g' + 2)(2''+2 + ^ 2^+3(1 + q){l + 2q), and so 3^'*' - 1 ee 2^+^ 

mod 2^+4. □ 



We note that ord2(3) = 1 and ord4(3) = 2 = ord8(3); from the latter we have 
that 4 is necessarily (3, l)-distinguished. The following lemma generalizes the case 
of 4 to numbers of the form 2^k with gcd(6, fc) = 1. 

Lemma 2.4. Given a positive integer r ~ 2^k such that £ > 3 and gcd(A:,6) = 1, 
r is distinguished with respect to (3,1) if and only if 2^^^ \ ordk{3). Moreover, if 
r = 2k with gcd(A:,6) = 1, then r is (3, 1) -distinguished if and only if 2 \ ordk{3), 
and if r = Ak with gcd(A:, 6) = 1, then r (3, 1) -distinguished. 

Proof. By Lcmma [2^ r is distinguished with respect to (3, 1) if and only if ordr(3) = 
ord2r(3). If r is of the form r = 2^k such that £ > 3 and gcd(A:,6) = 1, then 
ordr(3) = lcm(ord2«(s),ordfe(3)). Moreover, ord2r(3) = lcm(ord2f+i (s), ordfe(3)) 
and so r is distinguished with respect to (3, 1) if and only if lcm(ord2f (3), ordfe(3)) = 
lcm(ord2f+i (3), ordfc(3)). Since ord2«+i (3) = 2 ■ ord2« (3), this condition holds when- 
ever ord2<!+i(3) I ordfe(3). By Proposition 12.31 this is equivalent to 2^~^ \ ordfc(3). 

For the other two cases, we note that if r = 2fc with gcd(6, k) ^ 1, then ordr(3) = 
ordk{3), while ord2r(3) = lcm(2, ordfe(3)) so that we have equality if and only 
if ordfc(3) is even. Alternatively, if r = 4A; with gcd(6. A:) = 1, then ordr(3) = 
lcm(2, ordfe(3)), while ord2r(3) — lcm(2, ordfc(3)) as ord8(3) = 2 = ord4(3). □ 
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Since any number r congruent to 4 or 20 modulo 24 is of the form r = 4fc 
where gcd(6, fc) = 1, the above lemma implies that all such numbers are (3,1)- 
distinguished. Sadly, the appearances of arithmetic series 10 and 14 modulo 24 in 
our chart are still hard to explain. 

The following results answer the original question concerning whether all the 
distinguished integers with respect to (3, 1) can be written as an infinite union of 
arithmetic sequences. 

Corollary 2.5. Suppose r is (3, 1) -distinguished. Then all integers congruent to r 
or 5r modulo 6r are also (3, 1)- distinguished. 

Proof. Suppose r is (3, 1) distinguished, and write r — 2*fc where gcd(6, fc) = 1. It 
follows from Lemma [2.21 that ordr(3) ~ ord2r(3). This implies that 

lcm(ord2t(3),ordfe(3)) = lcm(ord2t+i (3), ordA:(3)). 

Suppose r' = r + 6rm, for some integer m. Then 

ord,./(3) = ord,.+6rm(3) 

= Ord2tfe(i+6m)(3) 

= lcm(ord2t(3),ordfe(i+6m)(3)). 

Similarly, ord2r'(3) = lcm(ord2t+i(3),ordfc(i+gm)(3)). Note that ordfc(3) divides 
ordfc(]^^g,„-) (3). However, if lcm(a;, z) = lcm(2/, z), then it must be the case that 
lcm(a;, za) = lcm(?;, za) when x, y, z,a £ Z. Consequently, letting x = ord2t (3), y = 
ord2t+i(3), z — ord/;(3) and za = ord;;(i_|_6m)(3), we have that ordr'(3) = ord2r'(3) 
so that r' is (3, l)-distinguished. For the case of 5r modulo 6r, we note that the 
only change in the above is that l + 6m is replaced by 5 + 6m. Thus if r' = 5r + 6mr 
for some m £ N, then r' is (3, 1) distinguished too. □ 

We could have used Lemma 12.41 and a case-by-case analysis for this, but the 
above argument is both more elegant and more easily generalized. Note that since 
10 is (3, l)-distinguishcd. Corollary [2T5] implies that if r = 10 mod 60 then r is also 
(3, l)-distinguishcd. Similarly, we know that integers congruent to 14 modulo 84 
are (3, l)-distinguishcd. However, neither of these quickly leads to an argument for 
10 or 14 modulo 24. On the other hand, we do obtain the following result: 

Corollary 2.6. The set of all (3,1) -distinguished integers can be written as an 
infinite union of arithmetic progressions. 

Proof. By CoroUarv 12.51 everv (3, l)-distinguished integer r lies in the arithmetic 
progression (r + 6rm)^^i. □ 

This corollary answers our initial question, but as our difficulty with 10 and 14 
show, the answer is not entirely satisfactory. For completeness, we will justify that 
all positive integers congruent to 10 modulo 24 arc (3, l)-distinguishcd. The proof 
for 14 is similar. 

Proposition 2.7. Suppose r = 10 mod 24 where r > 0. Then r is (3, 1) -distinguished. 

Proof. By Lemma 12.21 we need to show that ordr(3) = ord2r(3). Writing r = 
10 -|- 24fc where fc is a nonnegative integer, this corresponds to showing 

ordio+24fe(3) = lcm(ord2(3),ord5+i2fc(3)) = ord5+i2fc(3) 
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is equal to 

ord2o+48fc(3) lcm(ord4(3),ord5+i2fe(3)) = lcm(2, ord5+i2fe(3)). 

This follows if and only if ord5-)_i2fc(3) is even. Consequently, we simply need to 
show that 32"+i ^ 1 mod 5 + 12fc for any n. As 3(2 + 4fc) = 1 mod 5 + 12A:, this 
corresponds to showing that 3^" = (3")^ ^ 2 + 4fc mod 5 + 12fc for any n. Thus 
the result follows if we show that 2 + 4fc is not a square modulo 5 + 12fc. We turn 
to quadratic reciprocity for this result. Recall that if a is a square mod &, then the 
Jacobi symbol (|) ~ 1. Using the algebra of Jacobi symbols (see [4], for example), 

2 + 4fc \ / 2 \ / 1 + 2fc 



I2k) V5 + 12/fcy V5 + 12A: 

l + 2fc 



(_l)((5+12fc)"-l)/8|^ 

l + 2k 



V5 + I2k 



\k+l 



and 



^5 + 12A: 
12A:\ / -1 



l + 2k J \l + 2k 

= (-1)'- 



By quadratic reciprocity, 

l + 2fc \ /5 + 12fc 



12fc / V 1 + 2fc 



Putting these together we obtain 

2 + 4fc \ 



(^_2)((l+2'=)-l)((5+12fe)-l)/4 
1. 



5 + 



implying that 2 + 4fc is not a square modulo 5 + 12fc. Consequently, ord5+i2fc(3) is 
even as desired. Hence r is (3, l)-distinguishcd. □ 

We note that trying to employ a similar argument for 40 modulo 96, one runs 
into the problem of trying to show that (2 + 4fc)^ is not a square modulo 5 + 12fc, 
which is clearly ridiculous. 

3. Distinguished with Respect to (s,t) 

In this section we analyze the general case. As we shall see, the (s, t) case is 
more complicated than the (3, 1) case, in part because s — 1 can be composite. This 
leads to potential difhcultics in calculating ordj.(s). On the bright side, however, 
allowing t ^ 1 can sometimes make it easier for a number r to be distinguished. 
We begin this section by examining the role of t. 

Lemma 3.1. Let r > 2 be relatively prime to s. If r is distinguished with respect 
to {s,t), then r is distinguished with respect to (s,gcd(t, s — 1)). 

Proof. Note that s"'^'-(^)-l = {s + s + ■ ■ ■ + s"""^-^"'^^^), and so r | (s -!)(! + 
s + ■ • • + sordr(s)-i-j_ ^'lYicc r is distinguished with respect to (s,t), it follows that 
r\t{l + s + --- + Thus, r \ gcd(t, s - 1)(1 + s + ■ • • + s°'-d.(^)-i). □ 
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We now generalize Lemma [2.21 

Proposition 3.2. Let r > 2 be relatively prime to s. Then r is distinguished with 
respect to (s,t) if and only if ord,.{s) = ordgr{s) where 

s — 1 
gcd(s -l,t) 

Proof. If r is distinguished with respect to {s,t), then by Lemma |3. 11 r is distin- 
guished with respect to (s, gcd(t, s — 1)), and so (s — l)r | gcd(s — 1, t){s°'"^'''''^^ — 1). 
From this, we see gr \ g^drCs) _ and so s°idr(s) ^ ^ mod gr. Thus ordr(s) > 
ordgj.(s), and since the reverse inequality always holds, ordr(s) = ordgr(s)- 

Conversely, suppose ordr(s) = ordg,.(s). Since s°'d3, (s) ^ ^ mod gr, it follows 
that s°'dr(s) ^ I niod gr, and so gr | sO''dr(s) _ From this, it follows that 
r I gcd(s - l,i)(s°''^'-(^) - l)/(s - 1), and so r | t(s°'''i'-('*) - l)/(s - 1). □ 

We now have the following corollary: 

Corollary 3.3. // gcd(s — l,t) \ gcd(s — l,t') (in particular, if t \ t'), then r is 
distinguished with respect to (s, t') whenever r is distinguished with respect to {s, t). 

In the (3, 1) case, we were fortunate that s — 1 was prime and g = 1, which 
simplified our work. We now turn to generalizing the second part of Lemma 12. 4[ 
and afterwards, we shall then generalize its first part. 

Proposition 3.4. Letpi,...,pn be the prime divisors of g = ...pli^-. For 
r ^ "L with r = p™^ ...p'^^k with gcd{k,g) = 1. // ord^mi+ji{s) divides ord^{s) 

for i = I, . . . ,n, then r is (s, t)- distinguished. In particular, if ord^m^+ii (s) divides 

ordk{s), then r (and k) are {s,t)- distinguished. 

Proof. Given r as above, we calculate ordc,r(s). Using prime factorizations, we have 
ordgfc(s) = lcm(ordp^i+ji(s),...,ordp™„+j„(s),ordfc(s)). 

Since k\r implies ordfc(s)|ordr(s), it follows that ordgr(s) < ordr(.s). However, since 
the latter divides the former, we must have ordgr(s) = ordj.(s). Consequently by 
Proposition [321 t is (s, t)-distinguished. □ 

There are now two basic possibilities for how r can be (s, t)-distinguished. First, 
if ord^mi+ii (s) — ordp^i (s) then pi imposes no restriction on k. This is what 

happened in the 4fc case for (3, 1) as ord4(3) = ord8(3) (it also occurs in the 1 and 
5 modulo 6 cases). Alternatively, if ord^mi+3i(s) > ord^m; (s) then it is necessary 

that ord^/p»"i (s) is a multiple of ord^mi+i; (s). In the (3,1) case, this reduced to 

ordfe(3) (in the r = 2k case), as s — 1 = 2. 

Note that if k is relatively prime to gs, then k is necessarily (s, t)-distinguished 
since ordgfe(s) = lcm(ordg(s), ordfc(s)), and g\{s — 1) implies ordc,(s) = 1. In the 
remainder of this section, we analyze what multiples of k are (s, i)-distinguished in 
this case. The following lemma, which follows from Proposition 13.41 allows us to 
reduce to considering ordpf(s) and its relationship to ordfc(s). 

Lemma 3.5. Let g ~ pp^ . . .p^" be defined as in Provosition 1 3. 2\ with eachpi prime, 
g = Pi . . . Pn and let r ~ p-^ . . .p^"fc with gcd{gs, fc) = 1. Then r is distinguished if 
and only if for each i ~ 1, . . . ,n either 
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(1) ord^H+t,{s) = ord^ti{s) or 

(2) ord^3i+ti{s) divides ord)^{s). 

Similar to what was done in the (3, 1) case, Proposition 13.41 allows us to create 
congruence classes of (s, <)-distinguished positive integers. 

Proposition 3.6. Suppose r is {s^t)- distinguished with g as defined in equation 
i3.1]) . Let g ~ . . .p^" be the prime factorization of g, and set g = pi . . .p„. 
Suppose 

r = br mod grs 
with gcd{b,gs) = I, then r' is {s,t) -distinguished. 

Proof. Since r is (s, i)-distinguished, by Proposition 13 . 2 1 we have 

ordgr(s) = ordr(s). 

Suppose r = where gcd{k,g) = 1 and any prime dividing 7 divides g. Since 
r' = br + grsc = ^k{b + gsc) for some integer c and gcd(7, A:(6 + ^sc)) = 1, it follows 
that 

ord,.'(s) = lcm(ord^(s),ordA;(b+gsc)(s)). 

Similarly, 

ordgr'{s) = lcm(ordg^(s),ord;,(f,+g^c)(s))- 
By hypothesis, however, 

lcm(ord^(s), ordfe(s)) = ordr(s) = ordc,r(s) = lcm(ordg-y(s), ord;;(s)). 
Since ordfc(s) divides ord^i,^gsc}is); it follows that the above implies 
lcm(ord^(s),ordfe(fc+g^c)(s)) = \cm{oTdg^{s),OTdki^b+gsc}{s)) 

implying ordr'(s) = ordgr'(s)- Proposition [3^ then implies r' is (s, t)-distinguished 
as desired. □ 

This allows us to generalize Corollarv l2.6l to the (s,t) case. 

Corollary 3.7. The set of all [s,t)- distinguished integers can be written as an 
infinite union of arithmetic progressions. 

Applying Proposition 13.61 to the case r = 10 for (s,t) = (3, 1), we obtain that 
every term in the arithmetic progression (10 + 60m)J^^]^ is (3, l)-distinguished. 
We note that this does not contain all (3, l)-distinguishcd arithmetic progressions 
that include 10. In particular, in Proposition 12.71 we showed that the progression 
(10 + 24m)^^]^ is (3, l)-distinguished. An interesting question is whether for a given 
a, one could determine all "minimal" /i such that the progression (a + fJ.m)'^^i is 
(s, t)-distinguished. 

Proposition [3T6] generalize the argument that 40 lies in an arithmetic sequence of 
(3, l)-distinguished integers. The prime divisor 5 played an important role in the 
argument for 40. Looking at the chart of (3, l)-distinguished integers, we see that 
5, 10, 20, and 40 are all (3, l)-distinguished, but that 2*5 is not for any t > 3. This 
seems curious. Looking at 7, we note that 7, 14, and 28 are distinguished, but again 
2*7 does not seem to be distinguished if i > 2. One might be tempted to conjecture 
that for each prime p > 3 there exists a to such that 2*p is (3, l)-distinguished for 
t < to but is not distinguished if t > to- However, 11 and 44 are (3, l)-distinguished, 
but 22 is not. In the remainder of the section, we analyze this phenomenon. 

We now generalize Proposition 12.31 and the first part of Lemma 12.41 
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Proposition 3.8. Let p he a prime that does not divide s. For £ > 1, define 
X{£,p,s) ~ ordpe+i{s) / ordpe{s) . Then we have the following. 

(a) Fore> 1, X{£,p,s) \ p. 

(b) For£-> 0, \{t,p,s) = p. 

Proof. Since by definition, s°"^p*(*) = l mod p^, it follows that for any non- 
ncgativc integer i, s^'°'^'^p'^'^^ = 1 mod p^, and sop | X]r=cJ s^ °'^'^j''^^\ By definition, 

f I / Old i)(s) -1 \ 1 • p-ord //(s) -i / ord ds) -< \ / v^P— 1 ioid ('(s)^ 

p I I s p' ^ ' — 1 J , and smce s-^ p'^ ' — I Is ' — 1 J I 2^^^g s p" M , we 

have s^'°'^'^p'^''^ s = 1 mod p^+^. However, by definition, ordp«+i(s) is the smallest 
exponent such that s°"^p'!+i = i mod p^^^, and so ordp«+i(s) | p-ordp«(s). Thus, 

(3.2) A(^,p,s)|p. 

For any positive integer m and prime p, we define the valuation Vp : N"*" — > N by 
i'p{m) = j where m can be factored a& m = p'->n such that n is not divisible by p. 

Define St = Vp {s°'"^p''^'^ - - £. By definition, p^ \ s°''^p''^''^ - 1, and so 5i > 0. 
Note that 

/'x(e,p,s)-i 



i=0 



and so 



' \{i,p,s)-l 



E 



^i-ordpj(s) 



Sord eis) -1 1 ^ 

mce s p" ' = 1 mod p , 

(3.3) ^ s'°'V(^) = A(^,p,s) modp^. 

1=0 

and since X{(,p, s) \ p, the summation X^ilo^ '*''"^ g' °'dpf (s) ^^^^ divisible by p^ 
whenever £ > 1, in which case 

^(£,p,s)-l \ 
^ ^iord^,(s) \ 

i=0 J 

Thus, 5i > Si+i for £ > I, and so the sequence {Si} must stabilize; that is, 6e ~ Sg^i 
for £ » 0, and so 

Combining this with (|3.3p . it follows that X{£,p, s) ~ p. □ 

In light of this result, it behooves us to define the stabilization point. 

Definition 3.9. Let s be a positive integer not divisible by the prime p. Define 
as^p to be the smallest integer such that for any £ > as,p, X{£,p, s) = p. 
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In the cases of interest to us, the prhiie p divides g and hence s — 1. In this 
case, we can say more about X{£,p, s). In particular, if p ~ 2 and i'p(ordp« (s)) > 1, 
then we shall see X{£,p,s) = 2. Similarly, if p > 2 is prime, then X{£,p,s) = p if 
t'p(ordpf (s)) > 1. That is, once the p part of the p^-order of s is p (or 4 if p = 2), then 
the order increases by a factor of p each time the power of the modulus increases by 
1. Consequently, for primes greater than 2, if we know a^^p, we can easily determine 
Vpi (s) for all £. We prove this in the remainder of the section. 

Lemma 3.10. // X{£,p, s) = p for some £ > 2 then X{m,p, s) = p for all m > £. 

Proof. Let t = Vp^ordpi (s)) . Then we can write ordpf (s) as xp* (where gcd(x,p) = 
1). We now have 

(3.4) s"^P* = 1 modp^ 

(3.5) s^^P* ^ 1 modp'^+^ and 

(3.6) s^^P'^' = 1 modp^+\ 

with the last two coming from our assumption that X{£,p, s) = p. 

Equations p.4p and p.Sp imply s^^' — 1 = yp^ mod p^+^ for some y relatively 
prime to p. We then have 

- 1 = (^s^P* - (^1 + s^P' + s^^^P* + • • • + s(P-i)^P*) . 

Therefore 

i.p (s-P*^' - l) = i.p(s-P*-l)+J.p(l + s^^P*+s^-P' + ... + s(P-i)-P*) 

= ^ + i^p (l + s"P' + (s"P V + • • • + (s"P' f-') 
= £+1. 

The second equality holds by equations (|3.4p and (j3.5p . The last equality holds 
because p.4p implies each of the p terms is congruent to 1 modulo p^ (since £ > 2). 
Hence p^+^ does not divide s^p — 1 and Proposition 13 .81 implies X{£+ l,p, s) = p. 
By induction X{m,p, s) ^ p for all m > £. □ 

In the above proof, the requirement that £ > 2 was only used in arguing that 
Up (l + s^P' + • • • + s(P-i)^p'^ =1. If £ = 1, we have only that this term is congru- 
ent to p modulo p, and thus might be modulo p^ or p^, etc. On the other hand, 
if we knew further that s ~ 1 + py for some integer y, by the binomial theorem 

sP-l = (l+py)P-l = |]Q(p2/)'=. 

Since (p) is divisibly by p for 1 < ^' < if the prime p is greater than 2, 
Up {(Dipy)'') > 2 + up{y) when 2 < k < p. Since Up ((?)(py)) = 2 + Up{y), it 
follows that i'p(sP — 1) = 2 + Vp{y). However, Vp{s — 1) = 1 + Vp{y). As a result, 
for p > 2 and £ = 1 + Up{y), we have X{£ + l,p, s) = X{£,p, s) = p. However, this 
implies that t'p(ordp«+i (s)) = 2, and thus Us.p = £ = i'p{s — 1). A straightforward 
argument now shows the following result: 

Proposition 3.11. Let s be a positive integer and p be a prime divisor of s — 1. 
Then 
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(1) Ifp>2, then 



i^p{ordpi{s)) = 



i< Vp{s - 1) 

l~Vp{s-l) t>Vp{s-l) 



(2) Ifp^2, then 



V2{ord2i{s)) = 



t<V2{s~l) 

1 J/2(s-l)<£<i/2(s'-l) 



Now, suppose that g = . . .p>^ with each pi prime (and ji > 1) is defined as 
in Proposition 13.21 For a given k with gcd{k,gs) ~ 1, we now determine for which 
values of ti, . . . , i„ we have that p^ . . -pl^k are (s, i)-distinguished. 

Proposition 3.12. Suppose s > t > are integers, and let g be defined as 
above with g = pP^ . . .pp^ the prime factorization of g. Then p*^ . . - p^^k is {s,t)- 
distinguished if and only if for each i = 1, . . . ,n, the power ti satisfies one of the 
following: 

(1) j^+t^<I^p,{s-l), 

(2) Pi = 2 and 1/2(3 - 1) < < + ji < 1^2(5^ - 1), or 

(3) ord^ti+ji{s) divides ordk{s). 



Proof. Since ordj,(s) = 1, the above follows from Lemma l3. 5 



□ 



To demonstrate Proposition 13 . 1 2l in practice, we consider the case where (s,t) = 
(11, 1). In the following three matrices, the (i, j)-entry represents the whether or not 
2*5-'fc is distinguished, where k — 51, 101, and 151, respectively. Here g ~ p\^ ■ p-!^ 
where pi = 2, p2 = 5, and ji = j2 = 1- We note that 1^2(5^ ^ 1) = 1^2(120) = 
3, V2{s - 1) = 1^2(10) = 1 and 1/5(5 - 1) = 1^5(10) = 1, while ord5i(ll) = 2^, 
ordioi(ll) = 2^5^, and ordi,5i(ll) = 3-5^. Computing we obtain the following three 
charts, where a 'y' denotes that 2'5^fc is (11, l)-distinguished and an 'n' denotes 
that it is not. 



i\j 





1 


2 


3 


4 


5 


6 
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n 


n 


n 


11 


11 


n 


1 


y 


n 


n 
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11 
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2 


y 


n 


n 


n 


n 


n 
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n 


4 
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11 


11 
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n 
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11 


11 
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11 
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11 
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n 


n 


n 



fc = 51 



k = 101 



12 



CURTIS D. BENNETT AND EDWARD MOSTEIG 



i\j 
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n 
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11 


11 


11 


11 



k = 151 



In fact, since either 1^2(5 — 1) = 1 or 1^2(5 + 1) = 1, an easy argument shows that 
such a chart will always have at most one "gap" from a shaded rectangle. 

4. Another Spanning Set for cj)s,t 

As seen in Theorem 1 1.21 the functions of the form 4's,t,r,n together with 1/(1 — a;) 
span the vector space of rational functions fixed by 4's,t- In this section, we generate 
another spanning set for this vector space. 

Consider the map pg t : — > Zj, given by n 1-^ sn + t mod r. Given 71, r G N 
with r > 1 such that r and s are relatively prime, define 

(4.1) Fs^t,r.n = {p^;l{n) mod r : ieZ}, 

where p). [ represents the z-th iterate of the function ps,t- 

Define '^s,t,r to be a complete collection of coset representatives (all chosen to 
be less than r)\ i.e., for all n G N, there exists a unique n' G '^s,t,r such that 
Fs,t,r,n = Fs^t,r,n'- For r > 1, dcfiiie 

(4.2) Ts,t,rAx) = Y^ J2 

For example, consider the case when s = 3,i=l,r=13. Then we have the fol- 
lowing cosets: F3, 143^0 = {0, 1, 4}, F3, 1^3,2 = {2, 7, 9}, i^3,i,i3,5 = {3, 10, 5}, F3, 1^3,6 = 
{6}, and F^^i^i^^s = {8, 12, 11}. This produces the following rational functions: 

^3,1,13,0 = Y^-^{l + x + x*) 

■^3,1,13,2 = -; ^—ririx^+x'^ + X^) 

^3,1,13.3 - j^{x' + x''+x') 

^3,1.13.6 = ^ _^i3 {x^) 

^3,1,13,8 - {x' + x' + x'') 



It is clear by the definition of the map psj that each rational function of the 
form Ts,t,r,n is fixed by (j)s^t 

Theorem 4.1. Suppose s >2 and 1 <t < s~2. The collection of all J-a^t,r,n where 
r is distinguished with respect to {s,t) and n G Ts,t,r spans the set of all rational 
functions that are fixed under the transformation (t>s,t- 
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Proof. It is shown in [5] (see the proof of Proposition 3.2 in that paper) that for 
any rational function fixed by 4>s,t 

(i) the degree of the numerator is less than the degree of the denominator, 

(ii) the poles must be simple, and 

(iii) the poles must be roots of unity. 

Therefore, any rational function fixed by (f>s,t can be expressed in the form 
p{x)/{l — x*") where degp{x) < r. 

If p{x)/{l — x^) = ^a„a;" is fixed by ips^t, then for each n G N, a„ = a^n+t- 
Therefore, if :/i,j2 £ ^s.t.r.n, then — aj^. This means that coefficients are 
constant over terms indexed by any given coset Fs^t,r,n, and sop(.t)/(1 — x^) must 
be a linear combination of rational functions of the form Ts,t,r,n- D 

It appears that there is a great deal of redundancy in this spanning set. We 
note that for any choice of s, r, A'^, a, Ts,t,r,N is a linear combination of functions 
of the form !Fs,t,ar,m G N. In general, there appears to be a correspondence 
between functions of the form J-s,t,r,n and ^s,t,ar,n' for appropriate choices of n and 
n' . It would be nice to see future investigations shed light on the nature of this 
correspondence. 

At this juncture, we pose the question of how to write these two collections of 
rational functions relate to one another. In particular, we write each function of the 
form tps,t.r,n in terms of functions of the form J-s,t.r,n- Consider the example we be- 
gan with (s, r) = (3, 13). Then we have the following cosets: C3 13 o = {0}, C3 13 1 = 
{l,3,9},C73.i3,2 = {2,6,5},C73.i3,4 = {4,12,10}, and C3.13.7 ='{7,8,11}. This pro- 
duces the following rational functions: 



"03,1,13,0 
03,1,13,1 

03,1,13,2 

03,1,13,4 

"03,1,13,7 



1 

1 - X 

87vi 2-771 5Tvi Trvi Ttti 37vi tti 9Tvi 4Tvi 2-Ki lOivi 

(eTT + 1 + eTT ) + (eTT + e TT+eT3"+e TT+eTJ+e TT )x + (e TT + e TT + e 

87ri ~i 1^1 

(1 - e T3"a;){l - eTTa;){l - eTTi) 

(e 13 + e 13 + 1) + (e 13 + e 13 + e 13 + e 13 + e 13 + e 13 )a: + (e 13 + e 13 + e 13 )x-' 

IttI IQTTi 127ri 

(1 - e 13 x)(l - e 13 x)(l - e 13 x) 

(e 13 + e 13 + 1) + (e 13 + e 13 + e 13 + e 13 + e 13 + e 13 )a; + {e 13 + e 13 + e 13 

27ri 67ri Stti 

(1 - e 13 a;)(l - e 13 a;)(l ~ e 13 x) 

TTi 47ri llTTi 3-Ki StTI TtTI 9777 -3777 2777 12771 8777 

(1 + eT^ + eTT) + (e + e TT + e TX + e TT + e + e lit )x + (e TT + e + e TT 



(1 - e TTx){l-e TU~a;){l-e T3~ a;) 



Since the functions of the form J-s,t.r,n span the collection of all fixed points of 
(j)s,t that correspond to the distinguished number r, we can write each 'ips,t,r,m as a 
linear combination of such functions; that is, 

for an appropriate choice of constants Ay G C, where 

ni = 0, = 1, "3 = 2, 714 = 4, = 7 

and 



mi ~ 0, TO2 = 2, 7713 



= 3, ?7l4 ~ 6, 7715 = 8. 
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Below is a change of basis matrix M whose (i, j)-entry is 



1 




1 




1 




1 


1 


1 + eTT + eTT" 


eTT + e 


SiTT 


12i7r 

+ e 


e TT + eTT - 


lOiTT 


12171 


2i7r 4i7r IOitt 
e TT + e TT + e 


4i7r lOiTT 
1 + eTT + e T3~ 


2i7r 
eTT + 


SiTT 


lOi-ir 
+ eT3~ 


GiTT 12i7r 
e TT + e 


12z-7r 
+ eT3~ 


2i7r 

3e TT 


4i7r 6i7r Siir 
e TT + eTT + e TT 


1 + eT3" + eT^ 


4i-77 
eT^ + e 




lOiTT 

+ e 


e~Tnf + etS" + 


12i-77 


4i-7r 
3e TT 


SiTT lOiTT 12i-7r 
e TT+eT3~+eT3~ 


4i7r 12i7r 


2i-7r 


4i-7r 


6i7r 


SiTT lOiTT 


lOi-n 




2i7r SiTT 12i-7r 


1 + e 13 + e 13 


e 13 + e 


13 


+ e 13 


e 13 + e 13 


+ e 13 


3e 13 


e 13 + e 13 + e 13 



Note that the constant coefficients of the ■i/'3,i,i3,n match the first column of M , 
which is to be expected (and whose justification is left to the reader). However, 
somewhat surprising is the fact that the coefficients of in the numerators of 
each '!/'3,i,i3,n appear as the entries of the last column of M . We pose the question 
concerning whether such a correspondence holds in general. 

Note that each entry of this matrix is a sum of three or fewer thirteenth roots of 
unity. At this point, we represent the entries of this matrix in a different fashion. 
For each thirteenth root of unity that appears, rewrite it in the form e~T3^ where 
< a < 12. For example, 1 + e^a" + e~T3- can be written as e~^sr + e^s" + e^a". 
Then we note each integer a such that is a summand in the given expression. 

Continuing with our same example, we write {0, 2, 7}. Applying this process to the 
entire matrix M, we obtain the following matrix. 



M' = 



{0} 
{0,1,4} 
{0,2,8} 
{0,3,4} 
{0,2,7} 



{0} 
{2,9,7} 
{1,4,5} 
{2,10,8} 
{1,11,10} 



{0} 
{10,3,5} 
{10,7,6} 
{12,1,7} 
{9,8,5} 



{0} 
{6} 
{12} 
{11} 
{3} 



{0} 
{12,11,8} 
{11,3,9} 
{9,5,6} 
{12,4,6} 



It is interesting to note that the entire matrix M' can be easily obtained by 
scaling cosets of the form -F3.i,i3,m- In particular to obtain the (i, j)-entry of M', 
consider multiplying the entries of the coset ^3,1, 13, m by rii and then reduce modulo 
13. For example, consider the (5, 3) entry of M', which is {9, 8, 5} according to the 
table above. We note that this entry could have been obtained by multiplying 
^3, 1,13, ma = ^3,1,13,3 = {3,10,5} by 71-5 = 7 and then reducing modulo 13. An 
interesting open question is whether this sort of pattern holds in general. 

Let us consider what would have happened if we chose different coset represen- 
tatives other than rii = 0, rt2 = 1, = 2, 714 = 4, 715 = 7. For example, suppose we 
choose ricj — 8. Multiplying each F^ i i^ „i. by 715 = 8 and reducing modulo 13, we 
obtain the following sets: {0, 6, 8}, {4, 7, 3}, {11, 2, 1}, {9}, {5, 10, 12}. Note that if 
add 7 to each of the cosets and reduce modulo 13 we obtain the last row of M' , 
which simply amounts to multiplying the last row of M by a scalar multiple. 

The inverse matrix also consists of entries that are sums of roots of unity. 
However, we have not found a similar type of pattern as M has. It would be 
interesting to investigate the inverse matrix more fully. 
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